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Abstract. We study the Hamiltonian formalism of the non-minimally coupled
Weyl connection gravity (NMCWCG) in order to check whether Ostrogradsky
instabilities are present. The Hamiltonian of the NMCWCG theories is obtained
by foliating space-time into a real line (representing time) and 3-dimensional
space-like hypersurfaces, and by considering the spatial metric and the extrinsic
curvature of the hypersurfaces as the canonical coordinates of the theory. Given
the fact that the theory we study contains an additional dynamical vector field
compared to the usual NMC models, which do not have Ostrogradsky instabilities,
we are able to construct an effective theory without these instabilities, by
constraining this Weyl field.
1. Introduction
Non-minimally coupled curvature-matter gravity theories (NMC) [1] have
interesting features, such as inflationary solutions in cosmology [2], mimicking dark
energy and/or dark matter [3–6]. Further interesting properties arise when adding
a non-compatible metric, in particular a Weyl connection, to this NMC model.
The resulting theory, dubbed as non-minimally coupled Weyl connection gravity
(NMCWCG) has been previously studied in Refs. [7, 8]. This paper follows the work
done in previous references and focuses on the Hamiltonian of the NMCWCG theories
and on searching instabilities, particularly Ostrogradsky instabilities.
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On his 1850’s work, Mikhail Ostrogradsky [9] detailed a particular type of
instabilities arising on theories described by a Lagrangian depending on higher order
derivatives with respect to time. Given that we expect energy-bounded theories,
this type of instabilities constrain the field theories since many of them (and, in
particular, many gravitation theories) include higher order derivatives. Nevertheless,
many of these theories are free from Ostrogradsky instabilities by violating one of the
assumptions Ostrogradsky used to prove his theorem. Hence, we seek whether the
introduction of a vector field and its dynamics into the NMC model (a theory that
does not contain an Ostrogradsky instability) gives rise to this type of instabilities
and under which conditions can these instabilities be avoided.
2. Non-minimally Coupled Weyl Connection Gravity
A Weyl connection is a connection that is not compatible with the metric which
introduces, through the covariant derivative Dµ, a vector field Aµ such that:
Dλgµν = Aλ gµν . (2.1)
This covariant derivative can be written as:
Dλgµν = ∂λgµν − Γ¯σλµgσν − Γ¯σλνgµσ, (2.2)
with connection coefficients given by:
Γ¯λµν =
{ λ
µν
}− 1
2
gλσ(Aµgνσ +Aνgµσ −Aσgµν), (2.3)
where
{ λ
µν
}
are the usual Christoffel symbols.
We assume that the Weyl vector is a non-abelian field with a field strength given
by:
Fµν = ∂µAν − ∂νAµ − [Aµ, Aν ], (2.4)
where [·, ·] represents the commutator. Naturally, if Aµ is considered to be an abelian
field, the second term in the previous expressions vanishes.
The Lagrangian density of the vector field is given, as usual, by:
LW[Aµ, gµν ] = − 1
4µ
tr {FµνFµν} − V [A], (2.5)
where µ is equivalent to the electromagnetic permeability, and a potential is admitted.
From Eqs. (2.2) and (2.3), the Riemann tensor can be obtained. Contracting this
tensor, we get the Ricci tensor:
R¯µν = Rµν +
1
2
gµν (∇λ −Aλ)Aλ − 3
2
AµAν − Fµν + 1
2
Eµν , (2.6)
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with Rµν the Ricci tensor for the Levi-Civita connection; ∇µ the usual Levi-Civita
covariant derivative, Eµν = ∇µAν + ∇νAµ + 2 {Aµ, Aν} and {·, ·} representing the
anti-commutator. Finally, the scalar curvature is given by:
R¯ = R+ 3∇λAλ − 3
2
AλAλ, (2.7)
where R is the scalar curvature corresponding to the Levi-Civita connection.
The non-minimally coupled Weyl connection gravity theory (NMCWCG) is a
combination of the non-minimally coupled curvature-matter gravity (NMC) and a
Weyl connection. Thus, the proposed action for this theory is:
S =
∫
M
[
κf1(R¯) + f2(R¯)Lm − f2(R¯)
(
1
4µ
tr {FµνFµν}+ V [A]
)]√
|g|d4x, (2.8)
where κ = c
4
16piG , g is the determinant of the metric, f1 and f2 are arbitrary functions
of the scalar curvature, Lm is the Lagrangian density of matter fields. This will be
the action whose potential Ostrogradsky instabilities we shall analyse.
3. Ostrogradsky’s model and Problem
We start by introducing some basic concepts regarding the structure of the system
in order to perform an Ostrogradsky analysis:
Definition 3.1. A Lagrangian of the type L(qi, q˙i, . . . , q
(αi)
i ) is called a high-order
Lagrangian if αi > 1 for any i = 1, . . . , N , where q
(k)
i represent the k-th time
derivative of qi; A Lagrangian L(qi, q˙i, . . . , q
(αi)
i ) such that
∂2L
∂
(
q
(αi)
i
)2 6= 0 is said to
be non-degenerate.
Hence, Ostrogradsky’s theorem of instabilities follow:
Theorem 3.1. Let L(qi, q˙i, . . . , qi(αi)) be a non-degenerate high-order Lagrangian of
a given physical system. Then, the system has unbounded states of energy.
The proof of this statement, which follows the ideas of Ref. [10], starts by reducing
the Lagrangian of this system to an equivalent one, but only in first order in the
derivatives of the coordinates. Thus, allowing the phase space coordinates to be
Qkii = q
(ki−1)
i , (3.1)
P kii =
∂L
∂
(
q
(ki)
i
)+ αi−ki∑
pi=1
(
− d
dt
)pi ∂L
∂
(
q
(pi+ki)
i
) , (3.2)
for all i and ki = 1, . . . , αi−1, we can compute the Hamiltonian for the system. Taking
into account that by hypothesis, the Lagrangian is non-degenerate, the equation
Pαii =
∂L
∂
(
q
(αi)
i
) has the solution
Q˙αii = q
(αi)
i = χi(Q
1
j , . . . , Q
αj
j , P
αj
j ). (3.3)
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Thus, the Hamiltonian is given by:
H(Q,P ) =
N∑
i=1
(
αi−1∑
ki=1
P kii Q˙
ki
i + P
αi
i χi
)
− L(Q1i , . . . , Qαii , χi), (3.4)
where we see that the dependence of H on the generalised momenta, P 1i , . . ., P
αi−1
i ,
appears only linearly. This means that, because this Hamiltonian is a constant of
motion1, we can choose a configuration of the system that has P 1i , for example, as
small as we want and, naturally, the energy as negative as we want.
This way to prove Theorem 3.1, follows Ostrogradsky’s own proposal for canonical
coordinates. However, there is a more general way to prove this theorem if we instead
assume the following coordinate transformation:
Q0i = qi, Q
βi
i = ξ
βi
i (qj , q˙j , . . . , q
(θij)
j ), θij = min{βi, αj − 1}, (3.5)
with χβii invertible. Then, by following the ideas of Refs. [11–13], the canonical
Hamiltonian is given by:
Hc(Q,P ) =
N∑
i=1

α−2∑
βi=0
P
βi
i Qβii + Pαi Q˙αi

− L(Q, Q˙), (3.6)
with,
P
βj
j =
∂
∂(Q˙
βj
j )

L(Qβii , Q˙αi ) +
N∑
j=1
α−1∑
βj=0
(Q˙
βj−1
j −Qβjj )λβjj

 , (3.7)
where Qβii (Q0j , . . . , Qβjj ) = Q˙βii is obtained by inverting Eq. (3.5) and reintroducing
it in the derivative of Eq. (3.5) where λ
βj
j are Lagrange multipliers. Once again,
Eq. (3.6) contains Ostrogradsky instabilities (the second term inside parenthesis).
This second procedure more closely resembles the ideas we shall use when searching
for Ostrogradsky instabilities in the NMCWCG model.
4. A Space-time Foliation
The first procedure in order to stablish whether the NMCWCG model contains
Ostrogradsky instabilities is the foliation2 of space-time into a real line guided by a
time-like 4-vector t = tµ ∂µ and a family of spatial hypersurfaces Σt, indexed by time,
with spatial metric hµν and normal (unit) 4-vector n = n
µ ∂µ. The present section
follows closely the Chapter 14 of Ref. [14] as well as the Section 3.3 of Ref. [11]. Both
references treated the case Dλgµν = 03. We, instead, consider the more general case:
Dλgµν 6= 0.
1. This comes from the hypothesis that the Lagrangian does not dependent explicitly on time.
2. This foliation is necessary since we require the Hamiltonian of the NMCWCG theory and this
formalism depends on singling out time (which we shall denote as t).
3. In this section we use the notation D for a generic covariant derivative. Only in the next section
we shall recall it as the Weyl connection. For this reason, we shall call Rˆλµνσ the Riemann tensor
corresponding to the connection D.
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Firstly, we may relate tµ and nµ as
tµ = Nnµ +Nµ, (4.1)
where N and N = Nµ ∂µ are the lapse function and shift vector, respectively. The
metric tensor can be expressed as:
gµν = hµν − nµnν , (4.2)
Notice that we can compute relevant quantities in two different bases for the
manifold, M = R× Σt:
(i) The standard basis {∂µ |µ = 0, . . . , 3};
(ii) A basis {ea˜ | a˜ = 1, . . . , 3} of Σt together with the vector n.
For convenience, elements of the item (ii) are always denoted with a tilde. Thus, basis
(ii) can be written in a compact form as:
{eµ˜ | µ˜ = 0, . . . , 3} = {ea˜ | a˜ = 1, 2, 3} ∪ {n}, and e0˜ ≡ n. (4.3)
The definitions we have introduced so far allows us to define the derivative with respect
to time as the Lie derivative in the direction of the vector t:
d
dt
≡ £t. (4.4)
Furthermore, we can define an extrinsic curvature of Σt, with components
4:
Ka˜b˜ = −hµa˜hνb˜ g (eµ,Dνn) . (4.5)
We can simplify Eq. (4.5) in two ways: first, by using the definition of the basis (ii);
and by computing the covariant derivative of the metric Db˜g(~ea˜, ~n). These yield:
Ka˜b˜ = −Γb˜a˜0˜ = (Db˜g)(ea˜,n)− Γ0˜b˜a˜. (4.6)
In order to complete this description, we must express the scalar curvature of
M written in terms of the scalar curvature of the spatial hypersurfaces Σt, R˜, the
extrinsic curvature, Ka˜b˜ and its derivatives as well as derivatives of the spatial metric
ha˜b˜.
4. In Eq. (4.5) we have used the metric as the linear map g : TM × TM → TM , where TM is the
tangent bundle of the space-time manifold M . In the following sections, we use this definition more
often.
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Using the definition of the Riemann tensor with respect to the connection
coefficients5,
Rˆλµσν = 2∂[σΓ
λ
ν]µ + 2Γ
λ
α[σΓ
α
ν]µ, (4.7)
and by embedding it in Σt, we obtain
Rˆa˜
b˜c˜d˜
= R˜a˜
b˜c˜d˜
+ 2Γa˜
0˜[c˜
Γ0˜
d˜]b˜
. (4.8)
Turning Eq. (4.8) into an equivalent covariant expression and contracting to obtain
the scalar curvature, we get
Rˆ = R˜+K2 −KαβKαβ − 2Rˆαβnαnβ
+Kgβδ(Dβg)(eδ,n)−Kαβ(Dβg)(eα,n), (4.9)
where Rˆαβ is the Ricci tensor. After simplifying the term Rˆαβn
αnβ , Eq. (4.9) becomes
Rˆ = R˜+K2 − 3KαβKαβ − 2ha˜b˜£nKa˜b˜ − 2(Dnha˜b˜)Ka˜b˜ −K(Dng)(n,n)
−Khβδ(Dβg)(eδ,n) +Kαβ(Dβg)(eα,n), (4.10)
where Dn ≡ nµDµ.
Finally, by using properties of the Lie derivative and definition (4.2), we find that
(
£th
)
(∂µ, ∂ν) = (Dth)(∂µ, ∂ν)− 2NK(µν) + 2hα(µDν)Nα. (4.11)
5. Ostrogradsky Instabilities in the NMCWCG theory
When studying the NMCWCG model, we must first choose the canonical
coordinates. Taking into account the study of the previous section, the natural choices
for the canonical coordinates are
(q0)a˜b˜ = ha˜b˜, (q1)a˜b˜ = Ka˜b˜, (5.1)
constrained to Eq. (4.11). Then, we can compute the extended Lagrangian by
introducing a Lagrange multiplier to set the constraint:
L∗ = N
√
hL+ λa˜b˜
(
£t(q0)a˜b˜ + 2N(q1)a˜b˜ − 2(q0)c˜(a˜Db˜)N c˜
)
, (5.2)
where L is the Lagrangian of the NMCWCG model, Eq. (2.8), that is the term inside
square brackets. After Eq. (5.2), we drop (q0)a˜b˜ and (q1)a˜b˜ in favour of the more
intuitive ha˜b˜ and Ka˜b˜
6.
5. In this definition we have used that, given two tensors Tµ and Sµ, T[µSν] ≡ TµSν − TνSµ. In a
later expression we shall use the similar definition T(µSν) ≡ TµSν + TνSµ.
6. Notice that now Dλ = Dλ and Rˆ
λ
µνσ = R¯
λ
µνσ , etc.
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Before obtaining the canonical momenta, we notice that the existence of the Weyl
connection still admits that (Db˜g)(ea˜,n) = Ab˜ g(ea˜,n) = 0 since n is a normal vector
to Σt. Also, we can compute the covariant derivative of h
µν as
Dng
µν = −A(n)gµν =⇒ Dnhµν = −A(n)(hµν − 2nµnν), (5.3)
where A(n) = Aαn
α = A0˜ and, since we only work with spatial components a˜b˜, the
second term inside parenthesis vanishes. Thus, the scalar curvature R¯ is given by:
R¯ = R˜+K2 − 3KαβKαβ − 2ha˜b˜£nKa˜b˜ + 3KA(n). (5.4)
Now, we proceed with the computation of the Hamiltonian of the NMCWCG
model. The conjugate momenta to the canonical coordinates in Eq. (5.1) are7
pa˜b˜0 =
∂L∗
∂h˙a˜b˜
= λa˜b˜, pa˜b˜1 =
∂L∗
∂K˙a˜b˜
= −2κ
√
hha˜b˜Θ, (5.5)
with Θ = f ′1(R¯)+κf
′
2(R¯)L, where the prime represents the derivative with respect to
R¯. Similarly, we find the canonical momenta for the matter fields,
Πµa =
∂L∗
∂A˙aµ
= N
√
hf2(R¯)π
µa, (5.6a)
Πm =
∂L∗
∂Ψ˙m
= N
√
hf2(R¯)πm, (5.6b)
where πµa = ∂
∂A˙aµ
(
− 14µFµνFµν
)
is the usual conjugate momentum found in Yang-
-Mills theory and, similarly, πm =
∂Lm
∂Ψ˙m
. The canonical Hamiltonian is given by:
Hc =
∫
Σt
[
pa˜b˜0 h˙a˜b˜+p
a˜b˜
1 K˙a˜b˜+Π
µaA˙aµ+ΠmΨ˙m−N
√
h
(
κf1(R¯) + f2(R¯)L
) ]
d3x. (5.7)
To obtain an explicit expression of the canonical Hamiltonian, we start using the
definition of pa˜b˜1 , Eq. (5.5), and invert Eq. (5.4). Thus Eq. (5.7) becomes:
Hc =
∫
Σt
[
pa˜b˜0 h˙a˜b˜ + κN
√
hΘ
(
R¯− R˜−K2 + 3K a˜b˜Ka˜b˜ − 3KA(n)−
2ha˜b˜
N
£NKa˜b˜
)
−N
√
h
(
κf1(R¯) + f2(R¯)E
) ]
d3x, (5.8)
with
E = Ψ˙m ∂L
∂Ψ˙m
+ A˙aµ
∂L
∂A˙aµ
− L. (5.9)
Grouping together similar terms in Eq. (5.8), we obtain the canonical Hamiltonian as:
Hc =
∫
Σt
[
κN
√
h
(
Θ R¯− f1(R¯)− f2(R¯)
κ
E
)
+
N
6
p1(R˜+K
2 − 3Ka˜b˜ + 3KA(n))
+
ha˜b˜
3
p1(£NKa˜b˜) + p
a˜b˜
0
(
Dtha˜b˜ − 2NKa˜b˜ + 2hc˜(a˜Db˜)N c˜
)]
d3x. (5.10)
7. In Eq. (5.5) we are using the dot as the time derivative following Eq. (4.4).
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The structure of Eq. (5.10) is similar to the one found in General Relativity:
HGR =
∫
Σt
(NH + N a˜Ha˜) d
3x, i.e. it is a sum of constraints. These two terms are
the super-Hamiltonian, H, and the super-momentum, Ha˜. Since the super-momentum
concerns Lorentz invariance, the Ostrogradsky instabilities appear only on the super-
-Hamiltonian of the theory, thus, we need only to search for the terms that depend on
N and not in N. The super-Hamiltonian of the NMCWCG model is, therefore,
H = κ
√
h
[
Θ(R¯)− f1(R¯)− f2(R¯)
κ
E
]
+
p1
6
(R˜+K2 − 3Ka˜b˜K a˜b˜)
− 2pa˜b˜0 Ka˜b˜ +
1
2
p1KA(n) + p
a˜b˜
0 Dnha˜b˜. (5.11)
As seen in Section 3, the Ostrogradsky instability appears as oddly powered terms
of momenta in the Hamiltonian. By solving second class constraints (see Ref. [11]
for further details), pa˜b˜0 =
√
hK a˜b˜ and pa˜b˜1 = −2
√
hha˜b˜ which means that, when
searching for Ostrogradsky instabilities, it is equivalent to look for odd powered terms
in the extrinsic curvature. Analysing Eq. (5.11), we find two terms that are linear in
the extrinsic/canonical momentum: KA(n) and pa˜b˜0 Dnha˜b˜. These terms give us an
expression that constrains the system so to be free from Ostrogradsky instabilities:
1
2
p1KA(n) + p
a˜b˜
0 Dnha˜b˜ = 0. (5.12)
By using Eq. (2.1),
Dnhµν = A(n)(hµν + 2nµnν), (5.13)
which means we can rewrite Eq. (5.12) as:(
1
2
p1 +
√
h
)
KA(n) = 0. (5.14)
Since the term inside parenthesis does not vanish, because p1 = −6
√
h, and
the solution K = 0 is uninteresting, the only possible solution that discards an
Ostrogradsky instability is A(n) = Aαn
α = 0. Written in the basis (ii) introduced in
Section 4,
A0˜ = 0, (5.15)
which constrains the effective theories arising from the NMCWCG model to those
where the Weyl vector has only spatial components, Aµ˜ = (0, Aa˜).
6. Conclusion
In this work, we search for Ostrogradsky instabilities in the non-minimally coupled
Weyl connection gravity (NMCWCG) by studying its Hamiltonian formulation. To
achieve this purpose, we foliate space-time into a real line guided by a time-like vector
and 3-dimensional spatial Cauchy surfaces. The foliation of space-time allows us
to define a spatial metric and an extrinsic curvature which we consider to be the
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canonical coordinates of the system, constrained to Eq. (4.11). Using this definition
of the canonical coordinates, we study the Hamiltonian formalism.
For the NMCWCG model, we find that the super-Hamiltonian contains linear
terms on the conjugate momenta, which would mean that this theory contains
Ostrogradsky instabilities. However, since the system contains an arbitrary vector
field, we can constrain it in order to avoid the instabilities arising from the problematic
terms in the super-Hamiltonian. This is accomplished by imposing the condition
A0˜ = 0 (the Weyl field has no ‘time’ component). This is a relevant result since the
difference between the theory studied in this work and the one from Ref. [7] is the
existence of dynamics of the Weyl field. Hence, the introduction of this dynamical
term in the Lagrangian of the theory induces a constraint on the field which limits the
number of consistent effective theories that are free from Ostrogradsky instabilities.
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